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Abstract. We examine massive particles and null geodesics for the scalar-tensor black
hole in the Horndeski-Galileon framework. Our analysis shows that ﬁrst kind relativistic
orbits, corresponding to circular and elliptic orbits, are absent for the black hole solution
with the static scalar ﬁeld. This is a highly pathological behavior contradicting to the
black hole accretion and Solar System observations.
1 Introduction
Scalar-tensor gravity is a widely accepted alternative to the General Relativity for the role of gravity
theory. The most general classical eﬀective scalar-tensor theory was proposed by Horndeski [1], and
the same result was aslo obtained by studying Galileons [2, 3]. The Galileon model is a ghost free
scalar eﬀective ﬁeld theory containing higher derivative terms that are protected by the Galileon sym-
metry while Horndeski was interested in a most general type of scalar-tensor theory yielding second
order ﬁeld equations. The resulting framework is a healthy scalar-tensor theory, which was until re-
cently believed to be the most general scalar-tensor theory for second order ﬁeld equations. A newly
discovered class that goes beyond Horndeski contains no dangerous instabilities, since higher order
terms cancel out due to hidden constraints [4]. However Horndeski framework remains interesting
and fruitfull, working very well in cosmological applications. The action for the Horndeski/Galileon
model in the non-trivial kinetic coupling sector reads
S =
∫
dx4
√−g
(
ζR − η (∂φ)2 + βGμν∂μφ∂νφ − 2Λ
)
(1)
here Gμν is the Einstein tensor, φ is the scalar ﬁeld, constants ζ > 0, η and β are model parameters.
Paper [5] shows that purely kinetic coupled gravity is inconsistent with the constraint from the gravi-
tational Cherenkov radiation for any theoretically allowed parameter β, however the action considered
in [5] has η = 1 and Λ = 0. Introducing Λ in the action (1) (dividing the dark energy into diﬀerent-
behaving components) is a way to relax this inconsistency. The presence of a Vainshtein screening
mechanism on the other hand allows the scalar ﬁeld to couple to matter without mediating unaccept-
ably large ﬁfth forces in the solar system [6, 7]. Henceforth it would be interesting to pursue the study
of the solutions of (1) at the astrophysical scale.
Any modiﬁcation of GR must be consistent with constraints astrophysical scales and at the Solar
System level, which are very stringent. The purpose of this paper is thus to threat the local spherically
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symmetric solutions of (1) as astronomical objects and see if this picture is in agreement withe the
observed one. To do so we study the test particle motion around the compact object described by the
geodesic equations.
This paper is organized as follows. In section 2 we brieﬂy summarize the properties of the black
hole-like solutions for the action (1). Section 3 contains solution’s parameter estimates found in the
literature as well as some new ones, obtained in this paper. We proceed with analyzing geodesic
equations in section 4. Conclusions are given thereafter.
2 Horndeski/Galileon black hole
For the spherically-symmetric ansatz with the a mild time dependence of the scalar ﬁeld
ds2 = h(r)dt2 − dr
2
f (r)
− r2dΩ2 (2)
φ(r) = qt + ψ(r), (3)
black hole solutions were found in the series of papers [8]-[12]. These solutions possess very similar
properties, so we choose to consider the metric from [9], the only one having peculiar terms
f (r) =
(1 + γ2r2)h(r)(
1 + 3Ar2 + B/(1 + γ2r2)
) , (4)
h(r) = 1 − μ
r
+ Ar2 + B
arctan(rγ)
rγ
, (5)
where μ plays the role of the mass term. We also used the following notations1
A =
γ2
3
2ζη − λ
2ζη + λ
, B =
λ2
4ζ2η2 − λ2 , (6)
λ = ζη + βΛ, γ =
√
η/β. (7)
(8)
By ﬁxing all the parameters and rising γ we approach the corresponding adS solution for h(r) (which
also shifts with γ). By lowering γ Schwarzshild-like behavior is recovered. The solution in general
interpolates in-between. However the Schwarzshild horizon radius μ is never achieved with γ → ∞,
since rh = 3/4μ in this case and the gap remains.
3 Parameter estimates
In this section we brieﬂy review the constraints on the parameters of the non-minimal derivative cou-
pling sector of Horndeski theory, determined elsewhere. First of all, thermodynamical considerations
suggest β > 0 [8].
The authors of [13] considered slowly rotating neutron stars for the metric (16)-(15) by using
several tabulated and realistic equations of state. The existence of a static conﬁguration requires
q2β < 4ζ/3 (9)
for β > 0, in order to have the pressure maximum at the center of the neutron star. The model
reproduces the maximal neutron mass observed and provides a viable compact objects astrophysics.
1The units are [γ] = m−1.
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Within the constraint, it was shown that there exists neutron stars conﬁgurations with the redshift
value compatible with typical measurements.
Minamitsuji [14] investigated the stability of BH solutions under massless scalar perturbations
in the nonminimal derivative coupling subclass. The quasinormal modes can be computed, and no
unstable modes were found. Considering the same BH solutions, Cisterna et al. [15] found that these
black holes are stable under odd-parity gravitational perturbations as well. Kobayashi et al. [16]
have shown that the static scalar ﬁeld solution in question is stable in some range of the Λ vs. ζγ
parameters.
The solution (16)-(15) possesses the Schwarzschild - anti de Sitter structure if we suggest that Λ
does not exceed the observed valueΛ ≈ 10−52m−2. For theΛCDM expansion history, there essentially
always exists a family of models which interpolate between the cosmological constant as the only
source of acceleration and models which are fully dynamical, so the conjecture above makes sense.
Given this value of Λ we can further neglect it with respect to the other terms and set Λ ≈ 0. Then
λ ≈ ζη, A ≈ γ
2
9
, B ≈ 1
3
. (10)
With this simpliﬁcations we have now only one additional parameter γ left for the ﬁne tuning. The
correction term
Δ(r) = B
arctan(rγ)
rγ
, (11)
now gives Δ→ B near r = 0 and Δ→ 0 when r → ∞.
We can also consider weak-ﬁeld observations. One of the well-studied gravitational eﬀects is the
frequency shift for the satellite on the Earth orbit
δν
ν
= 1 −
√
h(R + h)
h(R)
≈ V(R + h) − V(R)
c2
, (12)
up to the ﬁrst order in the weak ﬁeld approximation with h being the satellite orbit height and R - the
Earth surface radius, V - the corresponding gravitational potential. For the metric (4)-(5) there should
be an additional shift, related to the deviation of h(r) from the Schwarzshild solution
2
δν
ν
≈ δS chw + δ1 + δ2 =⎛⎜⎜⎜⎜⎝μR − μR + h
⎞⎟⎟⎟⎟⎠ + A((R + h)2 − R2) + (Δ(R + h) − Δ(R)) . (13)
Modern frequency measurements are in agreement with GR, hence we can make bounds using the
frequency measurement accuracy 10−14 achieved in the GP–A redshift experiment2 [17]. Numerical
estimates show that δ1 + δ2 does not exceed the accuracy of the relative frequency measurement when
γ < 10−14. (14)
This estimate allows us to set A ≈ 0 (and hence γ2 ≈ 0) when considering accretion and null geodesics
for the Sgr A3 black hole ore any smaller one since the conditions Ar2 << μ/r and Ar2 << Δ are well
2h = 15 × 103km,M⊕ = 5, 972 × 1024kg,R⊕ = 6371km,
G0 = 6.67384 × 10−11m3kg−1c−2
3MS grA = 4 × 106M
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satisﬁed within the corresponding 100rS chw distance. All the above results in the metric
h(r) = 1 − μ
r
+
1
3
arctan(rγ)
rγ
, (15)
f (r) =
3
4
h(r). (16)
(17)
4 Geodesic equations
Geodesic equation for the radial coordinate reads(
dr
dϕ
)2
= f (r)P(r), (18)
P(r) =
⎡⎢⎢⎢⎢⎣E2 − jh(r)h(r)
⎤⎥⎥⎥⎥⎦ r4L2 − r2, (19)
where j = 0 for massless particles and j = 1 for the massive ones. We will further use the inverse
radius u = r−1. Working with geodesics we are beyond the black hole horizon and hence h(u)  0
(and hence f (u)  0). Therefore we can write (18) for the circular orbits as
P(u) = 0, (20)
P′(u) = 0. (21)
4.1 Null geodesics
An observational parameter, which will be important in the near future, is the photon sphere radius
of the black hole, which relates directly to it’s shadow size. Due to the smallness of γ the following
expansion will be valid not too far from the black hole:
arctan(rγ) ≈ rγ − (rγ)
3
3
, (22)
Δ(r) ≈ 1
3
− Ar2 (23)
h(r) ≈ 4
3
− μ
r
. (24)
(25)
Writing the null geodesic equation in terms of the inverse radius u = r−1 we thus obtain
P(u) =
E2
h(u)
u−4
L2
− u−2 (26)
(
du
dϕ
)2
=
3
4
E2
L2
− u2 + 3
4
μu3 = R(u) (27)
We are seeking for the last unstable photon orbit, so we are interested in the critical case when two
positive real roots of R(u) coincide, which gives in our case
u1 = u2 =
8
9μ
, u3 = − 49μ . (28)
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The solution of the geodesic equation takes then the following form:
u = − 4
9μ
+
4
3μ
[
tanh
(
ϕ − ϕ0
2
)]2
. (29)
Considering the limit ϕ→ ∞ we can ﬁnd the radius of photon sphere as
rs =
9μ
8
(30)
whereas rs = 3μ/2 for the Schwarzshild metric. The observational characteristics of the metric in
question diﬀer suﬃciently and require therefore further exploration, so we now proceed with time-
like geodesics.
4.2 Massive particles
For the bound orbits we have E2 < 1. Substituting (15) into (20)-(21) we obtain
μu3 − u2 + jμ
L2
u − j − E
2
L2
− Δ
(
u2 +
j
L2
)
= 0, (31)
3μu2 − 2u + jμ
L2
− Δ′
(
u2 +
j
L2
)
− 2uΔ = 0, (32)
where the prime denotes the derivative with respect to the radial coordinate. One can simplify Δ′ if
we recall that γ2/u2 ≡ γ2r2 ∼ Ar2, and neglect this term as we did before. Now extract Δ from (31)
and substitute into (32):
F(u) = (1 − 3ε)μu3 − (1 − 5
3
ε)u2 + (1 − ε) μ
L2
u − (1 + ε/3) − E
2
L2
, (33)
ε = 1 − 2
3 + 1u2L2
, (34)
where F(u) = 0. Note that ε(u, L) is bound as 1/3 < ε < 1 while u is running between 0 and ∞: This
forces the coeﬃcient before u3 in F(u) to be negative and determines the behavior of the expression.
We can also rewrite F(u) as
F(u) =
1
3
− 4L4u4 + 9E2L2u2 − 8L2u2 + 3E2 − 4
(3L2u2 + 1)L2
(35)
which is a direct consequence of B = 1/3 since higher orders in u cancel out in the equation. This
results in the following solution for the circular geodesics:
u = ± 1
4L
√
18E2 − 16 ± 2
√
81E4 − 96E2. (36)
We see that for E2 < 1 there are no real positive roots, so circular orbits for massive particles are
excluded. This may seem an artifact of the approximation, however one can verify numerically for
the general metric (5), that unlike the Schwarzshild case conditions (20) and (21) can never be satisﬁed
simultaneously.
Circular orbits represent a narrow subclass of relativistic bound orbits. However, as they represent
a subclass of the elliptic orbits, the latter should be excluded as well ( the analysis does not involve
the eccentricity at all) and so all the ﬁrst class orbits, twisted between two radii are eliminated. This
conclusion can be also obtained by analysing the general behavior of P(u). This leaves us only with
the trajectories, ending up in the black hole singularity (ε).
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5 Discussion and conclusions
Departing from GR we are left aside of the Birkhoﬀ’s theorem. In this situation we are forced to
choose between multiple spherically symmetric vacua and therefore some hints on how to determine
the realistic solution would come in handy. A conﬁguration used by the authors of [9] is rather inter-
esting. By introducing a mild linear dependence in the time coordinate for the scalar ﬁeld one evades
the scalar ﬁeld being singular for it’s derivative on the horizon [18] and makes the ﬁeld equations to
bifurcate the no-hair theorem at the same time. Despite this dependence the shift symmetry is keeping
the ﬁeld equations time-independent and consistent with the static ansatz. This permits asymptotically
ﬂat (or de-Sitter) solutions and crucially gives regular scalar tensor black holes.
The metric (4)-(5) is static, but has q = 0 for the the scalar ﬁeld which is not regular at the horizon.
Our analysis of this metric revealed the absence of stable orbits which do not end up in the singularity.
This is a highly pathological behavior contradicting to the black hole accretion observations [19, 20].
Furthermore, the Schwarzschild solution in GR also describes the exterior of any spherically sym-
metric body in the weak ﬁeld limit (hence the Solar System), and so must do it’s analog in extended
gravity theory. However, with in-falling orbits only, the metric (4)-(5) fails to reproduce the solar
system motion. This is the situation that to our knowledge did not appear before in extended gravity
solutions: usually we can always suppress the deviations from the GR by the ﬁne tuning. Another
interesting example, demonstrating that studying local spherically symmetric solutions can provide
useful information on cosmological models is given in [21]. The paper implements some PPN-based
bounds on the model parameters due to the black hole-like metric for the framework, initially con-
structed for cosmological purposes. The parameter region left does not satisfy the purposes of the
model, rendering it far less attractive. Hence geodesic analysis remains a useful tool to explore ex-
tended gravity solutions, even though the observations of the test body motion in the vicinity ob black
holes are not sensitive enough to distinguish extended gravity from the GR. Black hole geodesics con-
sideration can give us the direction towards astrophysically viable black holes in Horndeski-Galileon
framework.
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